ABSTRACT In this paper, the fault-tolerant tracking control problem for a class of single-link flexible joint manipulator (SFJM) system with uncertainty, fault, nonlinear function, and unmatched disturbance is investigated. An observer-based sliding mode control approach is designed. Concretely, first of all, the SFJM dynamic system with uncertainty, fault, and unmatched disturbance is established. Then, by transforming the system into two subsystems, a novel composite observer is proposed to estimate the fault and disturbance, respectively. Furthermore, a robust sliding mode controller, which contains a third-order sliding mode surface, a continuous control strategy, and a visual estimated fault signal, is constructed. In the control scheme, an adaptive law is also concluded to compensate for the estimation error. Finally, the proposed method is applied to the SFJM system and the simulation results illustrate the effectiveness of the proposed method.
I. INTRODUCTION
The flexible joint manipulator has become an indispensable part in the increasing automation system especially in the dynamic assembly line, to avoid danger working condition and reduce labor cost [1] . For Flexible joint manipulator system, on the one hand, if the robot has n links, then one need 2n generalized coordinates to describe the whole dynamic behavior when taking the joint flexibility into consideration [4] . On the other hand, the flexible joint has the characteristics of nonlinearity and coupling. Therefore, the modeling of a flexible joint is complex. In addition, the fault and disturbance signals exist widely in the practical system due to the flexible structure, which makes the manipulator system more complicated.
Some achievements have been studied about the flexible manipulator system. For example, in [2] , a class of flexible joint robots with uncertainty was developed; an adaptive controller was designed to guarantee a high precision position.
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In [3] , the finite-time optimal control approach using the state-dependent Riccati equation was studied for a class of flexible joint manipulator systems. An industrial flexible joint was investigated in [4] , where the full state was used to maintain the tracking ability. In [5] , the parameter identification technique was adopted for flexible joint system without the angular acceleration information; an adaptive control method was presented. In [6] , a full state feedback neural network (NN) control was proposed for a class of robotics with flexible joints, the robustness was enhanced and the stability was guaranteed. In [7] , a fractional order sliding mode controller for a flexible link manipulator based on fractional calculus was proposed, by adding an extra degree of freedom, the control performance was guaranteed, the application to a single-link flexible manipulator robot signify the effectiveness of the proposed controller. These achievements have studied the control strategies for flexible manipulator system, however, the fault and external disturbance are not considered. This remains one of the motivations of this study.
It is worth to point out that the full states of the SFJM system are also hard to be obtained because of the high cost and the flexible joint structure, in some conditions, it is impossible to install sensor because of the volume limitation. Observer design becomes a possible way to reconstruct the states and other unknown variables from the input and output information. For example, in [8] , an extended state observer (ESO) was proposed to estimate the states and uncertainties for the trajectory tracking control of a flexiblejoint robotic system. In [9] , a disturbance observer (DO) was designed for a class of two link flexible joint manipulator systems to decouple the joint interactions. These achievements have studied the observer design for flexible joint manipulator system; however, the actuator fault and sensor fault have not been discussed. For fault or disturbance, the observer is also of significance in the controller design framework. Sliding mode observer (SMO), which forces the trajectories to stay on the sliding surface, shows excellent performance, such as disturbance rejection [11] - [14] . For instance, in [11] , a class of stochastic nonlinear system was considered; the SMO technique was addressed to estimate the fault and state, a passive fault tolerant control scheme was constructed. An adaptive gain super-twisting sliding mode observer was proposed for fault reconstruction in electro-hydraulic servo systems with unknown bounded perturbations in [12] . For descriptor systems, SMO has also received fruitful results. In [13] , the fault tolerant control problem was investigated for a class of Lipschitz nonlinear systems, a descriptor sliding mode observer was presented and the controller was constructed to achieve a satisfactory fault reconstruction performance. In [14] , a class of multi-area power systems with sensor fault and disturbance was investigated, by introducing an argument system, a descriptor SMO was constructed for sensor fault reconstruction.
The trajectory tracking performance in the flexible-joint robot is of significant importance when designing the controller. Some works of literature related to the trajectory tracking control of the flexible-joint robot have been developed. In [15] , an extended Kalman filter (EKF) observer was presented to estimate the manipulator states, by using these estimated values; an adaptive rigid-link flexible joint controller was proposed to guarantee the tracking performance. In [16] , the tracking control problem of flexible-joint robots with unknown dynamics and variable elasticity was addressed; a full state feedback control technique was used to guarantee the tracking error within a neighborhood of zero. In [17] , a quadruped robot system with a compliant joint under the perturbing external forces was investigated; the fuzzy approximation method was used to keep the tracking accuracy. In [18] , the tracking control problem of a class of flexible joint robot was addressed, the feedback linearization methodology was used to model the system and a sliding mode control method was constructed to guarantee the tracking performance. However, the fault in the output channel is not considered, which motivates the composite observer design of this study.
Motived by [10] , [13] , [16] , this paper addresses the problem of robust fault-tolerant tracking control for SFJM system with actuator fault, sensor fault, external disturbance, and parameter uncertainties. The main contributions are highlighted as follows. 1) The SFJM system with parameter uncertainty, fault, and unmatched disturbance model is established. 2) Different from the results in [17] and [18] , where the disturbance and fault in the output channel were not considered. In this study, both the actuator fault and sensor fault are considered. A coordinate transformation is introduced to decompose the system into two subsystems, in which the fault and disturbance are separated. By introducing two new auxiliary variables, a novel composite observer is presented.
3) A novel observer-based sliding mode control scheme is designed to guarantee the tracking performance. In the sliding mode approach, an adaptive law is contained to compensate for the estimation error and enhance the robustness of the system.
The rest of this paper is organized as follows. In section II, the SFJM system model with actuator fault, sensor fault, disturbance, and parameter uncertainty is established. In section III, the construction of the observer and the observer-based controller are designed. In section IV, the proposed method is applied to the SFJM system. Section V concludes the study. 
II. PROBLEM FORMULATION A. SFJM SYSTEM NORMAL MODEL
Generally, the SFJM system, which is actuated by a DC motor [1] , can be shown in Fig.1 . The normal dynamic system can be presented as (1)
where J m is the inertia of the DC motor, J l is the inertia of the link. θ m and θ l denote the rotation angles of the motor and link, respectively. w m and w l represent the angular velocities of the motor and link, respectively. k is the torsional spring constant, k τ is the amplifier gain, G is the viscous friction, m is the pointer mass, g is the gravity constant, q is the distance from the rotor to the center of the gravity of the link, u is the control input delivered by the motor. Note that the SFJM system is inevitable to suffer from external noise and load torque fluctuation, which means that the external disturbance d (t) exists in the system. For example, when the load torque increases, the mechanical speed will decrease, which in turn affect the angular velocity. In addition, the link is driven by a motor through a torsional spring, which is a nonlinear and coupled process. Thus, the dynamic SFJM system (1) can be regarded as a simplified form of the actual system, which means that the uncertainty may be contained. For example, the spring stiffness may be affected by temperature or humidity, i.e., k should be considered in the system [1] . What's more, actuator fault is easy to occur because of the mechanical problems. Consequently, the uncertainty, external unmatched disturbance, and fault should be considered in the scheme of system analysis.
Integrated the above analysis, the dynamic SFJM system (1) can be rewritten as
where d i (t) (i = m, l) is the external unmatched disturbance, u f (t) represents the bias actuator fault and u f (t) ≤ α 1 , where α 1 is a positive scalar. k, J m and J 1 are small fluctuations of the torsional spring constant, motor inertia and link inertia, respectively. As the motor angle, link angle, motor angular velocity, and link angular velocity can better represent the working condition of the SFJM system, in this paper, the output of the system can be chosen as the four variables. In addition, the sensor fault and disturbance in the output channel are also considered. Let x (t) = θ m θ l w m w l T , then the flexible joint manipulator system with fault and disturbance can be rewritten in the form of
where x (t) ∈ R 4 is the state vector, y (t) ∈ R 4 is the output of the system, u (t) ∈ R 1 is the control input, u s (t) ∈ R 1 is the sensor fault signal, d s (t) ∈ R 1 is the mismatched external disturbance in the output channel. D s , D N are known constant coefficient matrices with appropriate dimensions. The other parameters are given as follows
where [13] , by simple simplification, (3) can be rewritten as (4) ,
where
Remark1: d s (t) can be caused by unmeasured outputs and noises in the output channel. u s (t) can represent the intermittent sensor connection, the bias in sensor measurement, and sensor gain drop, etc. In addition, assume that u s (t) ≤ α 2 and α 2 is a positive constant.
Remark2: The actuator fault, sensor fault, and disturbance are different. From (2) and (3), one can check that the actuator fault and disturbance enters the system in different channels, these factors are unknown, which increases the complexity of the controller design.
Remark3: [13] From (4), one can check that B a f a =
Remark 4:
In (3), one can check that the nonlinear function satisfies
, R and Q are two positive symmetry matrices [19] .
III. MAIN RESULTS
In this part, an observer-based fault tolerant control scheme is designed to keep the tracking performance, which contains three steps.
Step one is to design a composite observer to estimate the unknown variables in the system. In step two, by using the estimated values, a proper observer-based sliding mode surface is constructed. A sliding mode controller is given in step three to meet the reaching condition. In step three, the stability is also verified.
A. SYSTEM DECOMPOSITION Theorem 1: For the SFJM system (4), there exist two transform coordinate matrices φ, ψ, such that
with rank (E 2 ) = 1. In this paper, φ is computed as φ = φ 2 φ 1 , in which φ 1 is constructed directly as
then, it can be obtained that
In order to simplify the design procedure, partition Cφ
Therefore, it can be checked that
As a result, one can directly infer that E 2 is non-singular, and the following conditions hold,
Therefore, a similar approach can be adopted, one can partition
and rank (C 22 ) = 1. Consequently, C 22 is non-singular, i.e. det (C 22 ) = 0. Then Cφ −1 1 can be rewritten as Cφ
, where
Then, one can check that
thus the following equation holds
and one can check that
Consequently, from (5), one can obtain that
Assume D s and D N has the following structure
Then it can be deduced that
This completes the proof. Remark 5: In this study, the formulated SFJM system in (3) is a general form. Additionally, the sensor fault and disturbance in the output channel are investigated, which is different from the results in [17] , [18] , where the output channel fault is not considered. In order to estimate the disturbance and fault separately, the disturbance and fault matrices in the output channel are assumed to satisfy the conditions in (15) and (16) . This is the inadequacy of this study, we are spared our efforts to find some new methods without the assumptions in our future study.
From the thorem1, it is easy to check that (17) where
From the definition of C 12 , E 1 and B a2 , one can check that C 12 and E 1 are two zero matrices, then (17) can be reduced to φB a = 0 B T a1 T . VOLUME 7, 2019 Similarly, one can check that
from theorem1, (4) can be rewritten as the following two subsystems
Remark 6: It can be seen that (18) has the effects of disturbances without any faults and (19) includes faults but free from disturbance.
Remark 7: In [14] , a descriptor system was constructed in order to estimate disturbance and fault, however, only sensor and output disturbance are considered. In [20] , the ESO technique was designed for the disturbance and fault estimation, however, the fault and disturbance cannot be decoupled. In [21] , the unknown input observer (UIO) was designed and the disturbance was extracted from the argument state; by proper assumption, the disturbance was partial decoupled. Compared with these results, in this paper, the actuator fault, sensor fault, disturbance in the input and output channels are considered, by defining a virtual actuator fault, a partial disturbance is decoupled.
B. B OBSERVER DESIGN
In this subsection, a composite observer is proposed for (18) and (19) . Before designing the observer, two auxiliary variables are introduced.
T , then the following equation holds
T . then a new argument system is formulated as
Before the observer design, the following assumption is needed Assumption 1 [22] : Assume that the derivative of the disturbance signals d l d l (t), d m (t) and d s (t) in the system are bounded, i.e., ḋ l (t) ≤ 1 , ḋ m (t) ≤ 2 , ḋ s (t) ≤ 3 , where 1 , 2 and 2 are three positive constants.
Remark 8: From (4) and assumption 1, one can check that there exist two positive constants f * and d * , such that f q ≤ f * and dp ≤ d * .
Then, the composite observer for subsystems (20) and (21) can be designed as (22) and (23)  
where P a and P w are two positive symmetry matrices, τ and w δ are two positive scalars. e q = z q −ẑ q and e w = d p −d p Remark 9: From the definitions of A, B and C of the SFJM system in (3), one can check that
where λ is any positive scalar. Then one can obtain that the detectable condition is satisfied. 
C. STABILITY ANALYSIS
Theorem 2: With assumption 1 and the observer (22) and (23) for the SFJM system (4), the dynamic error system(29) and (30) are stable if there exist two positive symmetry matrices P, P w , , and matrices Q, Q 1 , R and R 1 such that the following (31) holds.
Proof: Consider the following Lyapunov function as
where P = P m 0 0 P a , P m and P a are two positive matrices.
The derivative of (32) can be obtained aṡ 
According to the Schur complement, it follows that the estimation error will converge to zero if (31) holds. The proof is completed.
Remark 10: From the condition (31), it is a sufficient condition of the convergence of the estimation error, and the matrix may not unique, the optimal matrix will help to increase the estimation performance, and this will extend to our future work.
D. FAULT RECONSTRUCTION
In this part, the virtual actuator fault, sensor fault of the SFJM system will be reconstructed through the sliding mode technology.
Define the sliding mode surface as follows
From theorem 1, it can be deduced that there exist two scalars µ and µ 1 , such that e ≤ µand f ≤ µ 1 . Theorem 3: With the observer (22)- (23), for two given positive matrices R a and Q a , the sliding mode motion in (39) will take place on the hyper plane S if the parameter τ satisfies the following condition
Proof: Consider the Lyapunov function V 1 = e T q P a e q , where P a comes from the component of P in the theorem 1. Then it can be obtained thaṫ
(40) VOLUME 7, 2019 Due to 2e T q P a A q − H 2 C q e q is a part of , it can be obtained that 2e T q P a A q − H 2 C q e q < 0, then (40) is equal to (41)
then (41) can be rewritten aṡ
This shows the reachability is satisfied and the sliding motion will take place in finite time. This completes the proof. Consequently, when the sliding motion takes place on S, the error dynamic system can be rewritten as Proof: From the SFJM system (4) and (43), it can be obtained that
From theorem 1, one can deduce that ϑ is small enough, then (44) holds. This completes the proof.
Remark 11: It is worth noting that (46) do not reconstruct f q precisely due to the nonlinear function, in order to overcome the discontinuous problem, (44) can also be designed as
where α c is any small positive scalar. Note that the two parameters α c and τ are important, one can adjust these two parameters so that the reconstructed signal f q achieves satisfactory accuracy. Remark 12: It is worthing to point out that (24) is a part of the observer, i.e., the disturbance is estimated by the observer (22) and (23), and the fault signal can be obtained by (24) . Simultaneously and separately estimating the faults and disturbances is one of the characteristics of this study. Based on the estimated information, the fault and disturbance compensators can be designed to compensate for the influences of the two factors, respectively, this provides the flexibility to design the controller.
E. FAULT TOLERANT CONTROLLER DESIGN
In this part, the main purpose is to design a robust fault tolerant controller to track the desired trajectories.
Define the following tracking errors e 1 =ẑ p − z pr , e 2 = z q − z qr , where z pr and z qr are the reference signals. And define the following variable
where λ 1 = λ 11 λ 12 , and λ 2 = [λ 21 , . . . , λ 26 ] are two matrices. The sliding mode surface is designed as
where β 1 , β 2 and β 3 are three positive parameters. From (22) , (23) and (48), (49) can be rewritten as
Remark 13: Different from results in the method in [18] , where the derivation information is needed in the sliding mode surface, which may cause instability of the system. Without the acceleration signal, in this study, only the tracking error information is needed, thus the computation complexity is reduced. Additionally, the estimated fault is utilized to design the sliding mode surface to enhance the robustness of the proposed method.
From theorem 1, e ≤ µ, it can be assumed that
In this paper, the controller is designed as
The following theorem gives the convergence of tracking performance. Theorem 5: For the system (20) and (21), with the controller in (51-53), the convergence of the tracking error to a neighborhood of zero can be guaranteed.
Proof: The Lyapunov candidate function is designed as
From the definition of (52) and controller (53), one has
The derivative of (54) can be obtained aṡ
According to the Lyapunov criterion, the stability of the tracking error is guaranteed even in the presence of disturbances and faults. This completes the proof.
Remark 14: From [23] , one can check that the estimation of k ξ is bounded, then the overestimation problem can be avoided. In addition, in order to overcome the parameter drift case, the adaptive law (53) can be reconfigured aṡ
where ρ is a parameter should be chosen such that the desired tracking performance can be obtained. Remark 15: From (52), it can be observed the function sign(σ (t)) is contained in the controller, one can use a sigmoid function or saturation function to replace it, however, the accuracy and response speed may be decreased.
Remark 16: It is also noting that the proposed method is not only suitable for the SFJM system, it can also be applied to the general manipulator system such as the investigated results in [9] and [10] , the scalability of this method is also one of the highlights of this study.
IV. RESULTS ANALYSIS
In this section, the performance of the proposed controller is verified for the SFJM system. The parameters of the link robot are given as follows [5] From the definition of the SFJM 
From (5), (10) and (13) The parameters are given as follows δ = 1, w δ = 1, µ = 1,
Case 1: Fault and disturbance-free case. In this case, the normal model is considered, in order to illustrate the effectiveness of the proposed method, the method in [24] is also take into consideration. The desired references are given as
By solving (31), the parameter matrices are obtained as P a , H 1 , P m , P w H 2 , and L are shown at the bottom of this page. The simulations are shown as follows Figs. 2-3 show the response of motor angle and link angle with the proposed method and the method in [24] . Figs. 4-5 illustrate the motor angular velocity and link angular velocity with the two methods. From the Figs. 2-3 , it can be observed that the states response faster than the method in [24] . The reason can be explained as follows, the proposed method conclude the integration of the tracking error, 
which contributes the convergence performances. Seen from Figs. 4-5, the tracking performance is also better than the method in [24] . The simulation results show the capacity and feasibility of the proposed method. Case 2: SFJM system with faults, disturbances and parameter uncertainties
In this case, the actuator fault, sensor fault, unmatched disturbance, and parameter uncertainties are considered. Additionally, the faults and unmatched external disturbances are supposed to be as follows
, k (t) = 0.25e −t .
Given x 0 = 0 0.01 0.01 0.01 T , τ = 7, and the desired reference signals are given as
−0.5 sin (t) (13 ≤ t ≤ 20)
, w lr = 0.6 cos (t) (0 ≤ t < 8)
The simulation results are shown as follows Figs. 6-9 show the tracking performances of the motor angle, link angle, motor angular velocity and link angular velocity with the proposed method and the methods in [5] and [18] . As depicted in the Figs.6-9, both the three methods FIGURE 6. Trajectories of x 1 (t ) and its estimation.
FIGURE 7.
Trajectories of x 2 (t ) and its estimation. can track the desired trajectories, however, on the one hand, the integration term of tracking error is included in this study, the response is faster than the methods in [5] and [18] ; on the other hand, the estimated information is used to design the controller, the robustness of the method is also better.
Figs. 10-11 illustrate the actuator fault and sensor fault and their estimations. Seen from these two figures, the observer has a good performance for the fault estimation by choosing VOLUME 7, 2019 FIGURE 10. Trajectories of the actuator f a (t ) and its estimation.
FIGURE 11.
Trajectories of the sensor fault f s (t ) and its estimation. 
V. CONCLUSION
In this paper, the problem of fault-tolerant tracking control for a class of SFJM systems with uncertainty, actuator fault, sensor fault, and unmatched disturbance is addressed. A robust sliding mode control scheme is proposed. Firstly, the SFJM with fault, disturbance, and parameter uncertainty model is established. Then, by introducing two new variables, the system is divided into two subparts, such that fault and disturbance are separated. Subsequently, a novel composite observer is proposed to estimate the unknown variables. Furthermore, a sliding mode approach is designed based on the estimated values to keep the tracking performance of the manipulator system. Finally, the results of the two examples verify the effectiveness of the proposed method.
Note that only the single joint manipulator is considered in this study, the general mechanical manipulator system tracking control is very important in our future study. In addition, the result of this work is illustrated by two simulation cases; the application of our method to the real system will also be extended to our future work.
